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Abstract: I study, in the leptonic sector, the role, of the SU(2)y custodial symmetry 
Q which was shown in ref. [Q] to control the quantization of the electric charge in the 
J = mesonic sector. The electroweak theory is considered, according to ref. as a 
purely vectorial model which interacts with a "hidden" sector of composite scalars. Q 
can only be a symmetry of the former if the neutrino is a Majorana particle; the latter 
provides a dynamical modification of the leptonic weak couplings, reconstructing those of 
the Standard Model with a massless Majorana neutrino. 
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1 Introduction. 



The eigenvalues of the electric charge operator are naturally quantized if it is one of 
the generators of a simple group of symmetry of the theory under consideration; it can 
indeed always be then considered as the a z" component of an SU(2) angular momentum 
subgroup. 

In Q, I constructed a renormalizable, anomaly-free, gauge SU(2)l x U(l) electroweak 
theory for J = mesons by extending the scalar sector of the Standard Model ||, and 
showed that it has, classically, independently of the hypercharge coupling constant g' ', a 
global "custodial" SU(2)y symmetry which includes the U(l) group of electromagnetism; 
it is the (unbroken) diagonal subgroup of the chiral SU(2)l x SU(2)r. 

The underlying suggestion there is that the quantization of the electric charge in this 
sector is the reflection that this custodial SU(2)y is an exact symmetry of the model. The 
fitting of each complex doublet of mesons into one SU(2)y real triplet with electric charges 
(—1,0,-1-1) plus one real chargeless singlet eases the connection between this group and 
its electromagnetic subgroup. 

The case of leptons appears less intuitive since each family, in the Glashow-Salam- Weinberg 
model U is cast into one doublet plus one singlet of the underlying SU(2)l gauge group 
of symmetry, both including a charged particle; there is clearly a mismatch here between 
their integer electric charges and half-integer values of SU(2)l "z" quantum numbers. 

We nevertheless adopt the unifying point of view that the leptonic quantization of electric 
charge is the sign that a custodial SU{2) symmetry also operates for asymptotic states. 

This sector is studied here in relation with ref. ||. It is described by a purely vectorial 
theory which rebuilds the Standard Model by interacting with a "hidden" sector. We are 
concerned whether the fundamental vectorial theory for the leptonic asymptotic states 
can satisfy charge quantization, that is whether it can be globally invariant by the same 
custodial SU{2) as that of the mesonic sector. We do not require this invariance for the 
whole electroweak theory since the "hidden" sector does not correspond to asymptotic 
states. 

2 Groups and representations. 

In. [pj, I introduced two commuting 577(2) groups Q Q\ and Q2, with generators Tj and T2, 
which acted on special (quadruplet) representations of J = mesons 

(m°,m) (1) 

as follows (up to an irrelevant global sign): 

- on representations "even" by the parity changing operator V (scalar + pseudoscalar): 

T\MP = l -{e ljk M k + <%M°), 

irj.M = - l -m\ (2) 

1 called there "left" and "right", but we denote them differently here to avoid confusion. 



1 



and 



T|.MP = ^(e ljk M k -5 lJ M°), 

T 2 M° = 1m*. (3) 

- on representations "odd" (scalar — pseudoscalar), the roles of the two groups are 
swapped: Q\ acts on "odd" representations like Qi on "even" representations, and vice- 
versa. 

The dot "." between a generator and a field M stands for the action of the former on the 
latter. The Latin indices i,j, k run from 1 to 3, and we also define M ± = (M 1 ± iM 2 ) /^2, 
= T 1 ± if 2 . 

The quadruplets are reducible representations of each of these two groups, and can be 
decomposed into two spin 1/2 doublets. With respect to the diagonal SU{2)y subgroup Q 
of the chiral group Q\ x&2, they decompose differently, into one spin 1 triplet, M, plus one 
singlet M°. Q is the custodial symmetry which occurs in the mesonic sector. The generator 
of the U(l) group of electromagnetism is the u z" generator of this angular momentum. 

Let us now consider, for each generation of leptons, the left-handed ^ quadruplet of neu- 
trinos and charged leptons (we do not question e — \i — r universality and all leptons are 
a priori 4-components (chiral) leptons) 

Ql = (L°,L 3 ,L+,L") = (-i^f^^f^^") ■ W 
£ + and £~ , u° and v are charge conjugate: 

e+ = cF 7 \ v c = CV T ; (5) 



the superscript "T" means "transposed" and C is the charge-conjugation operator: C = 
^727o i n the Dirac representation. The convention that £ + = (£ x + i£ 2 )/\/2 is the charge 
conjugate of £~ = (£ l — i£ 2 )/\^2 entails that i gives —i by charge conjugation and that the 
charge conjugate of is its right-handed counterpart Qr = 

We define the actions of Q\ and Q2 on Qc by eqs. @ and (| 

Ql can be decomposed into: 
- two doublets of Q\\ 



-^(L 3 + iL°) 





( u \ 






H 




\ ' 








L 





'1=1 V2 I I I . h=\ , . 3 „ 1 = 1 I > (6) 



L " J \ l ~ / L 

with the group action 





H 




t*L°) 1 




I ^ ) 



T+.£l = u L , T+l+ = 0, T+.u L = 0, T+.(u c ) L = -£+, 

T^.£ L =0, Ti.£+ = -(is c ) L , T^.v L = £- L , ¥7.(^ = 0; (7) 



"We shall use hereafter the subscript "L" for "left-handed" fermions, and "R" for "right-handed" ones. 
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Qi acts on l\ like the SU(2)l group of the Standard Model. 
- two doublets of Q2 ■ 



£+ 



(8) 



with the group action 



T%1 



-£+ T\.v L = --v L , T\.(v c ) L = -(v c )l, 



T+.£l = (u c ) L , T+i+ = 0, T+.u L = -£+, T+K) L = 0, 
T 2 .£ L =0, T 2 .£+ = -u L , T 2 .u L = 0, Y~ 2 .(v c ) L = £~ L - 



(9) 



- one triplet (L 3 ,L + ,L ) plus one singlet L° of the diagonal SU(2)v with generators 
T* = + T|, with the group action 



'L 1 



T .£, 



T+17 = vl + (v c )l, T+. 



£+, T\u L = 0, T\{u c ) L = 0, 
+ = 0, f + .u L = -£+, T+.K) L 



j-.£j = o, j-.ei 



+ T~.u l =£2, T-.(u c ) l 



' L ' 

"I- 



(10) 



When operating in the 4-dimensional vector space spanned by the four entries of Ql, its 
three generators write as 4 x 4 matrices (see eq. (28) of ref . Q ) , according to (in the basis 
(L°,L 3 ,L+L-)): 



/ 





\ 

-y/2 




T" 



\ y/2 j 



I \ 

V2 

-y/2 

\ J 



T 



/ \ 
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\o -1 y 
(11 



The electric charge generator is identical with the third generator of SU(2)y. 

O = f 3 . 



(12) 



By operating with charge conjugation on the transformed, by an element of the group, of 
an entry of Ql, one deduces that its charge conjugate Qr also transforms according to 
eqs. (p[ [I). The decompositions above thus apply to Qr too. 

To each quadruplet of leptons is associated a quadratic scalar expression invariant by all 
SU (2) groups considered above 



T = QQ = QrQl + QlQr- 



(13) 



3 Chiral symmetry and vector-like Lagrangians for leptons. 

We intend to make the link between a vectorial Lagrangian like that in and a chiral 
symmetry Q\ x Q2 like that occurring naturally in JjJ]. I show here that such a vectorial 
Lagrangian can be considered as a Q\ x U(l) (or Q2 x U{\)) gauge theory for Ql or Qr. 
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The chiral symmetry then naturally springs out at the limit when the two electroweak 
couplings vanish. 

Let us construct a Q\ x £7(1) gauge theory for Ql- The three Q\ gauge fields form the 
triplet Wp, and the £7(1) gauge field is 7? M . 

The generator Y of the £7(1) group is taken to satisfy the Gell-Mann-Nishijima relation 

Y = Q - if. (14) 

The £7(1) is a gauging of the leptonic number; indeed, the leptonic numbers of the entries 
of Q are (— 2)x their £7(1) quantum numbers. 

The notations are, as usual 

= c w Wl - s w B^, A„ = c w B^ + s w W*, (15) 

where c w and s w are the cosine and sine of the Weinberg angle; is the photon; = 
(W^ ± WT)/y2\ g = e/s w and g' = e/c w are respectively the Q\ and £7(1) coupling 
constants. 

The Lagrangian is the sum of two Lagrangians L\ and C\ corresponding respectively to 
the two doublets l\ and l[. We use the abbreviated notation 7^ = 7^(1 — 75)72,7^ = 
7 M (l + 75 )/2. 



e 



2s, 

^-(F^r+P^B^): (Hi) 



V2s w \ 

+ «f- l^iiK^ -~ c ilK» c 

+ 2^(F 7 ^+ + ^7^ C ). (17) 

Using the properties of charge conjugation in £[, C\ + C\ can be cast into the purely 
vectorial Lagrangian of fH; it is a SU(2) x £7(1) gauge Lagrangian for a (1/, £~) doublet: 

C = d + C[ = iF-fd^r + iP-fd^v 

e 

+ 



V2s 



(t-fw-v+vfw+r) 



^- CF-fBptr + v^bA . (is) 



2c_ 

The same result can be obtained by considering Qr instead of Ql- 
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To C we can add the mass term 

Cm = -^{QRQL + QLQ R ). (19) 

The quadratic expression (|l3|) being invariant by both Q\ and Q2, C m is invariant by the 
chiral group Q\ x Q2, and this invariance is independent of the mass m, which can vary 
with the leptonic generation. 

C m corresponds to a Dirac mass term. It is an important actor in the "see-saw" mechanism 
evoked in the last section. A Majorana mass term for the neutrino would correspond to 

the combination (forgetting the charged leptons) (IPL 3 + L% 3 ) - (S°L° + L°IR ) H , 

(the "— " sign makes the difference), which is not invariant by Q\. 

Would we make a similar construction with the gauge group Q2 x U(l), we would obtain 
a Lagrangian similar to ( |l8| ) but with v and v c swapped. As this leaves the kinetic terms 
unaltered, £ + £ m has a global Q\ x Q2 chiral symmetry at the limit g,g' — > 0, hence also 
a global symmetry by the diagonal Q. 



4 The custodial SU(2)v symmetry. 

Non- vanishing values of g and g' break the Q\ x Q2 chiral symmetry. We ask at which 
condition the diagonal group Q can stay an unbroken global symmetry of C+C m , providing 
an understanding of the quantization of the electric charge for the electroweak vector-like 
model under scrutiny, with the same origin as in the mesonic sector [|J. 

We can rewrite C\ + C\ in the form 

2(£ i +/: / i)= _ _ _ 

i(L+7^L+ + L-^d^LT + L 3 7 M ^L 3 + L°7 M 9"L°) 

+ g(lT lllL (±(W-f + + W;f-) + ^f 3 ).lL~ 
\ y 2, ' c w 



^, Z, 



+ L+ 7mL (^(W-T + + W+T-) + 3 ).L + 
V 2 c w 

+ U^ L (-L(W-f + + W+T-) + |;T 3 ).L 3 ) 



i g ( -L0( 7Mi ^L J + ltlL W-lL + + j^W+h') 

Cm 



Cw J 

+ 9 , (L+ 7mL ^L+-L^7 /iL ^L-), (20) 

where we have used the fact that T + does not act on L + , nor T~ on L~, nor T 3 on L 3 . 
The kinetic terms and the second line of ( |20| ) are globally SU(2)y invariant when the 
triplet of gauge bosons W£ and Z^/c w transform, according to like a vector in the 
adjoint representation of this group. 

The next line of ( |20| ) is also globally SU{2)y invariant, since M° and M° are singlets and 
are each multiplied by another singlet made by the scalar product of two triplets. 



Now, being considered []l|] as a singlet of SU(2)y, the last line of (20) only becomes 
SU(2)v invariant if, as can be seen by performing an explicit transformation and using 

(00) 

u + u c = 0, (21) 
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i.e. the neutrino has to be a Majorana particle, with only one helicity (or chirality), which 
can be written [||, in the 4-component notation, either 75 x or 75W with 



ipL (resp. Vi?) is a two-component Weyl spinor transforming like a (1/2,0) (resp. (0, 1/2)) 
representation of the Lorentz group; a 2 is the second Pauli matrix and the superscript 
"*" means "complex conjugation"; o 2 ^\f L (resp. & 2 ?Pf)) transforms like a (0,1/2) (resp. 
(1/2,0)) representation. 

We thus conclude that: 

The leptonic Lagrangian C can have a global custodial SU{2)y symmetry only if the neu- 
trino is a Majorana particle. 

Clearly, this condition is not compatible with the decomposition @ and the corresponding 
laws of transformation (Q). In particular, it requires that the U{\) leptonic number be 
not conserved. We shall see in the next section how the necessary modifications can occur 
dynamically with the introduction of a "hidden" sector, along the lines of 0]. 

Like in [01], we now ask whether the custodial symmetry can become a local symmetry, 
with the triplet W^, Z^/c w transforming like the corresponding gauge potentials. The 
first two lines of (|20| ) have been intentionally written as those of an SU(2)y gauge theory 
and are thus naturally locally invariant. 

By such a local transformation with parameters C{x), the third line varies by 

5 = J^C, (23) 
where 2? M is the covariant derivative with respect to SU(2)y 

= dfjh - ig (l=(W+ft~ + W-f + ) + 3 ) .L , (24) 

and Jfj, is a triplet of currents 

J* = i7 7 ^L° - L° 7 £L 4 , i = 1, 2, 3. (25) 

These currents are covariantly with respect to Q\ x conserved. As they form a triplet 
of SU(2)v and because the corresponding J° identically vanishes by definition, one has 

£>" J; = V^Jl - ig'B^q.Ji, (26) 

such that the invariance of the third line of (^) , requiring the vanishing of 5 up to a total 
divergence, can only occur when 

g'B^.Jl = 0, i = 1,2,3, (27) 

that is when g' — * 0. 

At this limit, the last line of (|20|), which vanishes, is also trivially invariant. 
We thus find the same result as in []l| for J = mesons: 

The custodial SU{2)l symmetry becomes local in the leptonic sector at the limit g' — * 0. 
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5 Left-right spontaneous symmetry breaking; back to the 
Standard Model for leptons. 

I now summarize and comment the procedure of 0], by which the vector-like model fll8j ) 
can be reconciled with the Glashow-Salam- Weinberg Lagrangian for leptons. 

As Majorana neutrinos are involved, it is natural to introduce the notation 



X 



VR + {vrY\ 



(28) 



and to rewrite the Lagrangian fllq ) + ( |19| ) as: 



+ 
+ 
+ 



V2s 



rri 



(29) 



Remark: would we have built the model with the group Qi x U(l), we would have obtained, 
instead of eq. (29) £, deduced from C by the exchange of \ and u, or, equivalently, by 
that of the "left" and "right" projectors. 

We introduce a scalar composite triplet A with leptonic number 2: 





( AO ) 












f 


v c 


1+75 
2 u 


A = 










[£+u R + 


p 

IS 3 




1+75 
2 


1+ 2 75 £ 




\ ^ J 






V 


J 




\ 


F 


1+75 p- 
2 t 


It is a 


triplet of Q\ 


but not a 


representation of Q2, nor 


dig. 






Its hermitian conju 


gate is: 














) 






/ 






( 


77 


1-75 c 
2 47 


A = 


A+ 




P 

1/3 


71 




p 

IS 3 




1—78 
2 












V 






\ 


F 


1-75 «+ 
2 * 



(30) 



\ 



/ 

(31) 

As soon as the mass of u is non vanishing, electroweak vacuum fluctuations like described 
in fig. 1 of |^] can trigger 

(A°) = (A^)=p. (32) 

The choice of an (ww) condensate, breaking the symmetry between x an d u, spontaneously 
breaks the "left-right" symmetry, or, equivalently, parity. 

It could be thought arbitrary since the same type of vacuum fluctuations can also a priori 
trigger {xx) 7^ 0- However, the diagrams under consideration vanish with the mass of the 
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internal fermion. As, by the see-saw mechanism evoked below, an (ujuj) condensate pushes 
the x mass to at the same time that is pushes the u mass to oo, the (xx) condensate 
is then automatically suppressed, and vice-versa. This qualitative explanation forbids the 
coexistence of both condensates. 

The proposed mechanism can also be interpreted along the following lines: by expanding 
7^ into (7 m l + 7^), the vectorial Lagrangian (18) can be considered to be that of an 



SU(2) L x SU(2) R x C7(l) gauge model for the doublet [y,f)\ both 577(2) 's act the same 
way, with the "left" and "right" gauge fields identified. The "Higgs" multiplet A being a 
triplet of SU(2)ji and of SU(2)l with a non-vanishing leptonic number, the condensation 
of its neutral component spontaneously breaks both S77(2)'s, and U(l). 
For quantizing by the Feynman path integral, a Lagrangian of constraint is introduced to 
take into account the non-independence of the leptonic and A degrees of freedom (A is an 
arbitrary mass scale): 

C c = lim^Q-f [(A -£ulur) (a°-£wbwl) 

+ ( A ~-^lM^ + ^>K)) (A+-^£(^ + u^+)) (33) 



It has two types of effects, obtained be resumming diagrams at leading order in an expan- 
sion in inverse powers of the number of generations and by building a reshuffled pertur- 
bation series: 

- it gives u>, through an exact "see-saw" mechanism, an infinite (Majorana) mass, leaving 
X as the only asymptotic neutrino state, identified with the observed one; x is massless; 
the left coupling of the charged VF's to x an d t~ is the only one left over; 

- it modifies, through internal u loops, the effective couplings of the neutral W% and 
gauge bosons, rebuilding the ones of the Standard Model; internal loops do not alter the 
above mentioned charged couplings. 

Finally, the right-handed effectively behaves like a SU{2)l singlet with twice the hyper- 
charge of the left-handed one, and the customary structure of weak currents is recovered, 
in both the charged and neutral sectors. The A condensate spontaneously breaks the 
SU(2)r x U{\) symmetry down to the U(\)y of weak hypercharge. 

None of the components of A appears as an asymptotic state (the constraints give them an 
infinite mass) and we do not require electric charge quantization for them. It is the same 
kind of implicit assumption that we made in the mesonic sector where explaining charge 
quantization for quarks and their underlying gauge theory (Quantum Chromodynamics) 
was not sought for. So, we allow a Lagrangian which is not globally Q invariant in the 
hidden sector; this non-invariance is responsible for that of the Lagrangian of the Standard 
Model. 

Only £ c , which couples the latter to asymptotic states, has a global Q invariance; it 
occurs as soon as the laws of transformations of the components of A and those of the 
corresponding composite fields are the same. 

The kinetic terms for the scalars are constructed on the same group of symmetry Q\ x 
t7(l) as C itself. SU(2)l is also broken by the condensation of A , which thus weakly 
contributes to the masses of the gauge fields. However, by the decoupling of the weak 
hidden sector, the Goldstones of this broken symmetry align with the customary hadronic 
ones. This decoupling also motivates non introducing other triplets of composite states, 
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with to replaced by \i since they would not modify the result: as soon as only one type 
of condensate can occur, the non-condensing additional scalars would simply fade away 
without any visible effect. 

6 Conclusion. 

The Glashow-Salam- Weinberg Lagrangian has no conspicuous symmetry which could ex- 
plain charge quantization for leptons. It is a motivation to consider it as an effective theory, 
with an underlying more fundamental level at which should be sought an explanation for 
basic observed features of asymptotic states. 

It may look going astray to the reader that, in the mesonic sector Q, we left aside the gauge 
theory of quarks and gluons to directly investigate an electroweak theory of composite 
asymptotic states, and here, that we added a questionable hidden sector of composite 
states to a superbly working Standard Model; this maybe paying a heavy price for a 
modification which brings new unanswered questions. 

On the other side, it is hardly possible to solve all problems at the same time, and one 
must temporarily accept that filling gaps digs holes elsewhere. In front of fundamental 
questions unsolved, like precisely the origin of the quantization of the electric charge, I 
disturbed for a while the harmony of the construction to tackle the problem from another 
point of view. Developments should follow in subsequent works. 

Acknowledgments: the author thanks P. Fayet for comments and suggestions. 
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